arXiv: 1509.01916vl [math.QA] 7 Sep 2015 


Derivations, automorphisms and second cohomology of 
generalized loop Schrddinger-Virasoro algebras *1 

Haibo Chen, Guangzhe Fan, Jianzhi Han^, Yucai Su 
Department of Mathematics, Tongji University, Shanghai 200092, China 

Abstract: The derivation algebras, automorphism groups and second cohomology groups of the 
generalized loop Schrodinger-Virasoro algebras are completely determined in this paper. 

Key words: generalized loop Schrodinger-Virasoro algebra, derivation, automorphism, 2-cocycle. 
Mathematics Subject Classijication (2010): 17B05, 17B40, 17B65, 17B68. 

1 Introduction 

It is well-known that the Schrodinger-Virasoro algebra is an important inhnite dimensional 
Lie algebra, whose theory plays a crucial role in many areas of mathematics and physics. The 
original Schrodinger-Virasoro Lie algebra was introduced in [lOj, in the context of nonequi- 
librium statistical physics, containing as subalgebras both the Lie algebra of invariance of 
the free Schrodinger equation and the Virasoro algebra, whose Lie bialgebra structures and 
representations were investigated (see, e.g., [7l[9l[2l]). Let F be a held of characteristic 0, 
r a proper additive subgroup of F, and let s G F be such that s ^ F and 2s G F. We 
denote Fi = s -|- F and T = F U Fi. It is obvious that T is an additive subgroup of F. The 
generalized Schrodinger-Virasoro algebra fl5t)[F, s] is an inhnite dimensional Lie algebra with 
F-basis {La, Ma, Ya+s I a G F} subject to the following relations: 

[La, Lp] = (yjS — a)La+l3, [La, = [jMa+13, [La, hg+s] = (/? + S — ^)Ya+p+s, 

[Ma, Mp\=0i, [Ma, Yp+s] = 0, [V„+„ Y^+s] = (/9 - a)Ma+0+2s- 

Derivations, central extensions, automorphisms and Verma modules were studied in [l9l[2T], 
The generalized loop Schrddinger-Virasoro algebra W(r,s) is the tensor product 
gso[F, s] ® F[f, of the generalized Schrodinger-Virasoro algebra gso[F, s] with the Laurent 

polynomial algebra F[f,f“^], subject to relations: 

[La,i, Lpj^ (/3 La-\-l3^i-\-j, [La,i, f3Ma-\-l3^i-\-j, (I’l) 

cx 

[La,i, Yg-\-sj] = (/3 + S -^)Ya+g+s,i+j^ (1-2) 

[Ma,i, Mf,j] = 0, [Ma,i, V/3+.j] = 0, (1.3) 

[Ya+s,i, Yg+sj] = {(d- (y)Ma+g+2s:i+j for any a,(d eT and i,j G Z, (1.4) 
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Universities of China, Innovation Program of Shanghai Municipal Education Commission and Program for 
Young Excellent Talents in Tongji University. 
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where in general, (and denoted by X^f for short) for any X G {L, M, ^ 7 G T 

and i G Z. Here and below, we use the convention that if an undehned notation appears 
in an expression, we treat it as zero; for instance, L^+s = 0 , M/s+s = 0 and Hq, = 0 for any 
a G r. Note that is exactly the center of W (F, s). 

The structure theory of inhnite dimensional Lie algebras have been extensively studied 
due to its important role in Lie algebra (see, e.g., [ni3bl5l fTTf[T8l[^ ). Loop algebras are 
certain types of Lie algebra, of particular interest in theoretical physics, which contribute 
a large ingredient to the structure theory of Lie algebras such as affine Lie algebras in [8]. 
Recently, generalized loop super-Virasoro algebra, loop Witt algebra and generalized loop 
Virasoro algebra were studied in [2ll6l l20ll2^ . 

In this paper, we study derivations, automorphisms and second cohomology groups of 
generalized loop Schrodinger-Virasoro algebras. As a result, we also determine the universal 
central extension of y^(r, s) (cf. (I4.2ip ). To determine the derivation algebra Der W{r,s) of 
W (T, s), the most effective way is to decompose it into a sum of the inner derivation alge¬ 
bra ad>^(r,s) and the derivation subalgebra {DeiWiT^s))^ consisting of all homogenous 
derivations of degree zero (see [1] and Lemma l2.3p . Then the remaining task is to deter¬ 
mine (Der l^(r, which is the main goal of Section 2. While determining the second 
cohomology group of y^(r,s) depends heavily on computation, the determination of the 
automorphism group Aut W (F, s) of W (F, s) is the most difficult part among these three 
kinds of structures. For the problem of determining Autl^(F, s), it is easy but important 
to observe that the problem can be reduced to the case gsti[F,s] when setting t = 1. By 
this and by constructing some kinds of concrete automorphisms we give an explicit charac¬ 
terization of the automorphism group of W (F, s). The main results of the present paper are 
summarized in Theorems 12.6113.21 and 14.41 

2 Derivation algebra of >^(r, s) 

A linear map D : W{T,s) ^ W (F, s) is called a derivation of W (F, s) if 
D{[x,y]) = [D{x),y] + [x,D{y)], W x,y e W{T,sy, 

if in addition, D = ad^ for some 2 ; G W{r,s), then D is called an inner derivation, where 
ad^(x) = [z, x] for any x eW{T,s). Denote by Der W (F, s) and ad W (F, s) the vector space 
of all derivations and inner derivations, respectively. Then 

H\W{T,s),W{T,s)) ^ Deryr(F,s)/ad>r(F,s) 
is the first cohomology group ofW{T,s). 

Note from the relations (11.11) and (II.2p that Lo,o is semisimple, which gives a T-grading 
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on W (r, s): W (r, s) = (r, s)^, with 


w (r, s)^ = {x eW (r, s) \ [Lo,o, x] = ^ix) = | j e z}. (2.1) 

We say that a derivation D G Der>^(r,s) is of degree 7 G T if D(W{T, s)a) C W{T, s)a+^ 
for all a eT. Let (Der y^(r, s))^ be the space of all derivations of degree 7. 

The following result first appeared in [T5] . 

Lemma 2.1. For any derivation D G W{r,s), one has 

D= where G (Der>^(r,s)) , (2.2) 

7eT 

which holds in the sense that for every x G y^(r, s), only finitely many Dfix) 7 ^ 0, and 
D{x) = {such a sum in (12.211 is ealled summable). 

Proof. For any Xa G W{T,s)a and D G Derl^(r, s), assume that D{xa) = 

dehne D.y{xa) = Va+'y- Then D.y is a derivation by a direct computation. □ 

Lemma 2.2. //y 7 ^ 0, then every D G (Der #^(r, s))^ is an inner derivation. 

Proof. It follows from (12.ip and applying D to [Lq^^x] = /ix for any x G W(T,s)fj, with 
fi & T that 

iaD{x) = [T>(Lo,o),x] + [Lo,o, T'(x)]. 

From this, using D{x) G W{T,s)^+.y and (12.ip . one has D{x) = a.d_^-iD{Lo,o)i.^)- Hence, 
D = ad_..y-i^( 2 ,o 0), an inner derivation. □ 

As a consequence of Lemmas 12.11 and 12.21 we immediately have the following result. 

Lemma 2.3. Der^(F,s) = (Der >^(F, s))^^ + adl^(F,s). 

Proof. For 7 7 ^ 0, assume = ad^.^ for some G 'WiV^s)^. If {7 7 ^ 0 | m..), 7 ^ 0} is an 
inhnite set, then by ( 12 .ip . D{Lqq) = Dq{Lqq) — infinite sum which is not an 

element of y^(F,s), a contradiction. □ 

Next we are going to characterize (Der y^(F, s))o. To do this, let us first introduce some 
notations. For any map / from a set A to another set B, we write the image of a G A 
under / as fa rather than /(a) in what follows. Denote Ilomg(T, F[f,f“^]) the set of group 
homomorphisms : T ^ F[f,f“^], which carries the structure of a vector space by defining 
(c 0 )( 7 ) = cfif-y) for any given 0 G Hom 2 (T, F[f,f“^]) and any c G F, 7 G T. Denote by 
¥[t,t~^]-^ the derivation algebra of F[f, and 

0 (r) = {s' : r ¥[t, t~^] I (0 - a)ga+y = figy - ag^, V a, 0 G F} . 
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For any 0 G Homz(T, ^]), g G fl(r), h G F[t,t and p G ¥[t,t define 


respectively four linear maps D^, Dg, Df, and of W (F, s) as follows: 

D^{Xg_^i) = (j){p)Xg,^i, (2.3) 

DgiL^^i) = Dg{Mo,,i) = Dg(Yo,+s,i) = 0, (2.4) 

Db{La,i) = 0, Db{Ma,i) = bMa,i, Db{Yc,+s,i) = ^bYo,+s,i, (2.5) 

DP{X^^,) = X^p{f), V X G {L, M, F}, p G T, a G F, * G Z. (2.6) 


It is easy to see that these four operators dehned above are all homogeneous derivations of 
degree zero. We use the same notations 

{D^ I 0 G Homz(T, W[t,t ^])}, 

F>g(r) := span{Dg \ g G g(F)}, 

'I^¥[t,t-^]-={Db\be¥[t,t~^]} and := | p G F[t, 

to denote respectively the corresponding subspaces of Der #^(F, s). 

Take any D G (Der y^(F, s))o. For any a G F and i E Z, assume that 

D(yLa^i) fa,iLa,i T where fa,iy9a,i ^ F[t, t ]. (2.7) 

Applying D to the first relation in fll.ll) and using fl2.7p give 

(0 f a,iLa+/3,i+j ^9a,iX[a+p,i+j T (0 Q:)//3,j-hQ,_|_p j_|_j A (39 

(0 fa+/3,i+jLa+/3,i+j T (0 Ol')9a+/3,i+jX[a+/3,i+j ■ 

Comparing the coefficients of L^+p^i+j and Ma+pp+j, one has 


fa+p,i+j = fa,i + fp,j for a 7 ^ 0 , ( 2 . 8 ) 

(0 - a)9a+p,i+j = /39 pj - a9a,i, V a, 0 G F0, j G Z. (2.9) 

It is obvious that /o,o = 0. Furthermore, from 02.81) one can, in fact, see that 

fa+P,i+j = fa,i + fp,j, V 0,0 G F. (2-10) 

Setting a = 0 and j = 0 in 02.91) . one has 9 pp = 9 pp whenever 0 7 ^ 0. From this and by 
setting a = —0 7 ^ 0 in 02.9p . we have 9 op+j = 90 , 0 . Thus, 9 pp = 9 pfl for any 0 G F and z G Z, 
which is denoted by 9 p for convenience. Whence 02.9p turns out to be {(3—a)9a+p = (39p—a9a, 
that is, 9 G 0 (F). 
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Put p = Replacing D hy D — entails us to assume that /o,i = 0, which in 

turn, by [23l Lemma 2.4], gives rise to fp^i = for all /3 G P and i G Z. So in what follows 
we can simply write as fp. In this case, 02.101) becomes 

fa+0 = fa + U, V«,/3gP. (2.11) 

In particular, / G Homz(P,F[f,Whence we arrive at the following lemma. 

Lemma 2.4. Let D be as above. Then there exist f G Hom^(P, F[f,t“^]) and g G 0(P) such 
that 

D{La,i) = faLa,i + for « G P and i E Z. 

While for the expressions of D{Ma,i) and D{Ya+s,i), we have the following result. 
Lemma 2.5. Let D and f as in Lemma l2M Then there exists b G F[f, such that 

D{Ma,i) = {fa + b)Ma,i, D{Ya+s,i) = ^(/2(«+s) + b)Ya+s,i for a E T and i E Z. 
Proof. For any a G P and i E Z, assume 

L){ALa^i) '4^a,iZa,i Y Ta,i-^a,iy where 'lpa,ii Ta,i ^ F[f, t ]. (2.12) 

Applying D to [L_a-i, Ma^i] = and using 02.121) . we obtain 

(^{f-a + Ta,i ~ To,o)MQfi + a{2'lpa,i ~ t/^0,o)-^0,0 = 0- 


Hence, 

f-a + Ta,i = Tofi and = ^'ipop, V 0 7^ « G P. (2.13) 

Since Mo,o lies in the center of >^(P, s), so does D{Mq^o). This forces '0o,o = 0 and thereby 
= 0 for any a G P and i E Z. It follows from this fact, 02.111) and 02.13j) that 02.12^ can 
be simplihed as D{Ma^i) = {fa + b)Ma^i, where b = <yCo,o- This is the hrst desired relation. 
For arbitrary a G F and i E Z, we assume that 


D{Ya-\-s^i^ ha-\-s^iYa-\-s^i for SOme ha-\-s,i G F[t, t ]. 


(2.14) 


Applying D to 01.4p and by 02.14p . one has 


{(3 ex') {ha-{-s,i Y ]\La-\-lS+2s,i+j {(3 Q^) (/'q:+/3+2s Y b'j ]\La-\-lS+2s,i+j ■ 

Hence, ha+s,i Y hp+s,j = fa+p+ 2 s Y b for any a ^ (3 eT. In fact, the condition a ^ {3 can be 
removed, namely, 

ha+s,i + hfS+s,j = fa+l3+2s Y b, \/ a, (3 E T. (2-15) 

From this we see that ha+s,j is independent of the second sub index j, which is written as 
ha+s for short. Moreover, setting (3 = a m. 02.151) we have ha+s = ^(/2(a+s) + b), this is the 
second desired relation. The proof is complete. □ 
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For any / G Hom 2 (r, F[t, t“^]) (the set of group homomorphisms from F to we 

extend it to a map from T to ¥[t, by setting = i/ 2 ^ if 7 G Fi. Then it is easy to verify 
the resulting new map / is a group homomorphism, i.e., / G Homg(T, F[f, 

Theorem 2.6. Set 

^Homz(T, F[M-1]) = {^0 I 3/(t) e ¥[t,t-^] such that 0 ( 7 ) = 7 /W,V 7 G T}. 

Then the derivation space ofW{T,s) has the following decomposition 

Der#'(F,s) = ad#^(F, s) + F[t,t-i]) ® ^^ 0 (r) 

and the first cohomology group H^{'W{V,s),W{V,s)) is linearly isomorphic to 

(©’Homz(T, F[M-i])/^Homz(r, F[t,t-i])) ®® ®’F[t,t-i] ® ' 

Proof. Let us hrst characterize the derivation algebra (Der y^(F, s))^. 

Claim 1. (Der y^(F, s))q = 'DnomziT, F[t,4-i]) + ^g(r) 

To prove this, take any D G (Der #^(F, s))^. It follows from Lemmas 12.41 12.51 and 
the remarks before Lemma 12.41 and this theorem that there exist some p G ¥[t,t~^]-^, 
f G Homz(T, F[t,t“^]), g G 0 (F) and b G F[f, such that the following relations hold: 

(D — D^){La^i) = faLa,i + 9aMa,i^ (D — D^){Ma,i) = {fa + b)Ma^i, 

{D — D^){Ya+s,i) = 2 (/ 2 (o+s) + b)Ya+s,i, V o G F, i G Z. 

On the other hand, it follows from the dehnition of Dj, Dg and Dh that 

{Df + Dg + Db){La,i) = faLa,i + da^a^i, {Df + Dg + Db){Ma,i) = {fa + b)Ma^i, 

{D f + Dg + Db){Ya+s,i) = 2 (/ 2 (o+s) + b)Ya+s,iy V O' G F, i G Z. 

Thus, D = DP + Df + Dg + Db. 

Claim 2. The sum Z^Hom^cr, F[t,t-i]) + 'Pg(r) + is direct. 

To prove the claim, let V = D^ + Yhj&j^Dg. + Db + Dp, where J is a hnite index set, 
0 G Hom 2 (T, F[f, gj G 0 (F), 6 G F[f, G ¥[t,t~^]^ and Cj G F. Then the claim is 

equivalent to showing that D = 0 implies 

^0 = Y.®Dg. = Db = DP = t). 

DJ 
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But the latter follows immediately by applying D to the basis elements Ma,i and Ya+s,i 
of #^(r,s) for arbitrary a G F and i G Z. So Claim [2] holds. 

Now the hrst statement follows the Claims 1, 2 and Lemma 12.31 while for the second 
statement it suffices to show the following claim. 

Claim 3. The intersection ad 1^(1, s) n (VuomziT, F[t, 4 -i]) © 
equal to adl^(r, s) H'DHomz(T, F[t,t-i]) = '^Homz(r, F[t,t-i])' 

To prove the claim, let D G Vnom^ir, F[t,t-i]) © ©’gCr) © have the 

form + -Dfe + as in Claim |2l If D G ad >^(r, s), then we may assume 

D = '^j^x^jd^dioTor which only hnitely many of a* are nonzero, since D is of degree zero 
and ©ie^FMo^j lies in the center of W{r, s). Thus 

-^0 © = '^0‘j (2T6) 

jGJ jez 

Applying both sides of fl2.16p to we have 

(j){a)Laf + '^Cjgj{a)MaT + Lap{T) = '^aajLaT^\ 

j£j j£Z 

which forces J^jeYj^gj — 0 © t~'‘p{T) = latter implies p = 0 and 

thereby 0(a) = a G F. It follows from applying both sides of fl2.16l) to Mq,^, 

and Ya+s,i that we respectively obtain 

0(a) + b = ^aoj©, 0(a © s) + -^ = X] © s)ajT, V a G F,i G Z. 
j&z 2 

Combining these three relations gives 6 = 0 and 0 ( 7 ) = 7/(t) for any 7 G T, where f{t) = 
G F[f,f“^]. To sum up, we have obtained D = with 0 ( 7 ) = 

7 /(t) for any 7 G T. This is the Claim [3l □ 

3 Automorphism group of W(r^s) 

In this section, we will determine the automorphism group of W{r, s), which is denoted by 
Aut#^(F,s). Denote 

£(F) = © Lq, © F[t, t“^], Ad(F) = © Mo © F[t,M^], 3^(F, s) = © Ya+s © F[f, f^]. 

aer aer aer 

Obviously, >C(F) is the centerless generalized loop Virasoro algebra, and AT(F) is an ideal 
of /1(F). It is also worthwhile to point out that X(F,s) := AT(F) © A’(F,s) is the unique 
maximal ideal of >^(F, s) whose center is exactly Ad(F). 
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Denote F* = F \ {0}. Set A = {a G F* | aF = r,aT = T}. Then A is a multiplicative 
subgroup of F*. 

Theorem 3.1. Let F' be another proper additive subgroup of¥ and s' ^ F' with 2s' G F'. 
Set T' = F' U (F' + s'). Then W (F, s) = W (F', s') if and only if there exists a G F* such that 
aF' = F and aF'^ = Fi. 

Proof. Let a : W(T,s) ^ W{T') be an isomorphism of Lie algebras. Then cr(X(F,s)) = 
X(F', s'), and a induces an isomorphism a of the generalized loop Witt algebras: 

a : £(F) = W{T, s)/X(F, s) W{T')/X{T', s') = X(F'). 

It follows from the arguments in [23l Section 3] that there exists a G F* such that aF' = F, 
and = Xs for some /a,j(t) G such that fopit) = a. 

Claim 1. aF' = F. 

To prove this, for any a G F and i G X, we can assume that 

a{La,i) = Xs /a,i(t) + for some G M{T'),ya,i G 3^(F', s'). 

Note that a maps the center of X(F, s) onto the center of X(F', s'), namely, cr(Al(F)) = 
Al(F'). It follows from this fact and by applying a to [Xo,o, dX^^j] = we have 

Q. 

[Xo,o, (^{Ma^i)] = —a{Ma,i) for any a G F and z G X, 

which implies a{Ma^i) G W{T')a. In particular, ^ G F' and therefore F C aF'. Similarly, 
one has aF' C F. Hence, aF' = F, proving Claim [1] 

Claim 2. aF'^ = Fi. 

To prove this, for any a G F, z G Z, since cr(3^(F, s)) = Al(F') © 3^(F', s'), we may write 

^^(ba+Sji) ^(FQ.+s,i)v^ © (^ifPa+s,i)y 1 (2’^) 

for some (j{Ya+s,i)M e Al(F'), a{Ya+s,i)y e 3^(F',s'). Applying a to [Xo,o, = 

(a + s)Ya+s,i) one has 

[aXo,o + mQfl + 2/0,0, (^{Ya+s^i)] = (a + s)(T(Y'a+^,j), V a G F, z G X. 

Then it follows from relations fll.2l) - fll.4p and invoking fl3.ip that [Xo,o, = 

^^a(Ya+s,i) y, which forces G F'^ and therefore Fi C aF'^. Then aF'^ = Fi, since 
the other inclusion aF'^ C Fi can be obtained similarly. This proves Claim |2l 

The “only if” part follows directly from Claims [T] and |2l while the “if” part is clear. □ 








For any a G Aut W (F, s), let us first take a careful look at what the images of the basis 
elements of W (F, s) under the a. It follows from the proof of Theorem 13.11 for any a G F 
and z G Z, we may assume that 


= Lsl fa,i + ml 


+ ytv 


Qa,ii Fq+s T 


m 


,Y 


(3,2) 


where and /„,i, 9 „,i, 9 „+,,i £ F|t, i '] with /„_o = a e F*. 

By (I3.2p and applying a to the hrst relation in (11.11) . (11.21) and (ll.dh respectively, we have 


a(/3 a) {(3 Oi')fa,if/3,jy 

O. O' 

a(/3 + S —= (/3 + S fa,i9l3+s,jy 

o(/3 Oi^ga+l3+2s,i+j (/3 Oi^Qa+s^iQfi+Sjji V Q!,/3 G F,Z,J G Z. 

Furthermore, by using the same arguments as in the proof of [23l Lemma 2.4], we have 

^fa+l3,i+j ^9a+0+s,i+j fa,i9l3+s,jj ^9a+j3+2s,i+j 9a+s,i9 l3+s,j (3-3) 

for any a,/? G F and i,j G Z. Denote by = {af | 0 7 ^ a G F, i G Z} the set of 

multiplicative invertible elements of F[t, t“^], which is a multiplicative group. It follows from 
the hrst and third relations of fl3.3l) and by noticing both /q^o and 9 q^o are nonzero elements 
of F that both ^ and lie in F[t,t“^]*. Hence, by the third formula in fl3.3p again, 

9a, i G for any a G F and i G Z. These entail us to write 


fa,i = a/ii(a, and V a G F, 7 G T, i G Z, 


where G F*, ei{a,i),e'{'y,i) G Z. Applying a to the second relation in fll.ip . 

we have a(3ga+/3,i+j = I3fa,igp,j- From this and the second and third relations in 03.31) . one 
can deduce aga+i 3 ,i+j = fa, 19 / 3 ,j for a, (3 E T,i,j G Z, which implies 

9 ,'{a,i) = cfii{a,i) {c = a~^gofi) and e'{a,i) = ei{a,i), VaGF,iGZ 
by taking (3 = j = 0. Set 




Ui{x, i), if x G F, 

1 and e{x,i) 

c“ 2 ^'(a;,i), if x G Fi, 


ei{x, i), if a; G F, 
e'{x, i), if x G Fi. 


Then for any 71,72 G T and i,j G Z, 

h( 7 iA)h( 72 , j) = h(7i+ 72 A + j) and £( 71 , i) + £( 72 , j) = e( 7 i + 72 , i + j). (3.5) 
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Whence the formulas in fl3.2p can be respectively rewritten as 



(3.6) 

(3.7) 


Motivated by the formulas (13.61) and (13.7p we are next going to dehne six kinds of auto¬ 
morphisms of W (r, s). For any a E A, define an automorphism of W (F, s) as follows: 



Given any (p G Homz(T, Z), the set of group homomorphisms from T to Z, we can dehne 
an automorphism of W(T, s) as follows: 

Ya+s,i+ip(a+s)i V CT G F, Z G Z. 

For any y G x(T), the set of all group homomorphisms from T to F*, and c G F*, dehne 
an automorphism of W (F, s) as follows: 



Then under the multiplication given by A) C2 G F* and Xi, X 2 G xiT), 

the set {a} \ x £ x{T), c G F*} forms a subgroup of Aut W (F, s), which is isomorphic to the 
product group x(T) x F* of groups x(T) and F*. 

For any (j) G Aut Z = {1,—1}, itis easy to see the following linear map given by 




is an automorphism of >^(F, s). 

Given an element 6 G F*, dehne a linear map G F^ as follows: 



Then Tb is an automorphism of >^(F, s). 

Note from [ 22 ] that the set A x Homz(T, Z) x x(T) x F* x Aut Z x F^ becomes a group 
with (1, 0, 0,1,1,1) as its identity element, whose multiplication is given as follows: 


(Ol) Vh XI 1 01, ^ 1 ) • (02, < 7 ’ 2 , X2, C2, 02 , ^2) 

= (aia2,(pii„-l -t-0l(p2,^r +X2 + XlG2-l>ClC2,0102,&f^2), 


where La (for a G A) is an automorphism of T such that La{l) = 07 for j E T, and for any 
b E W* and p E Homz(T, Z), {b‘^){'y) = b^A for 7 G T. So in what follows we can identify 
A X Homz(T, Z) x x(T) x F* x Aut Z x F^ as a subgroup of Aut W (F, s). 
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Denote 


8 : 




all but finitely many are zero, where : F x Z —)■ F such 


Then one can verify that the linear map 'ipe '■ W{T^s) ^ W (F, s) defined by 



(3.8) 


is an automorphism of #^(F,s). Note that 8 carries the semigroup structure under the 
natural additive operation e + c = (e^ + c^)k& for any e = {e^)k&iC = {c^)kGZ £ 8. Thus, 
T = {'i/je I e G T} forms a subgroup of Aut W (F, s), since 'ipS’c = '4’e+c for any e, c G T. 

Let Inn W (F, s) be the subgroup of Aut W (F, s) generated by all inner automorphisms 
exp (adx) for all x G W(T,s) such that each adx is locally nilpotent. It is not hard to see 
that all automorphisms defined above are not inner. Now we are ready to characterize the 
automorphism group Aut W (F, s). 

Theorem 3.2. We have the following isomorphism 

Aut^(F,s) ~ {{A X Homz(T,Z) x x(T) x F* x AutZ x F^) x T) x Inn^(F,s). 

Proof. Let a G Aut y^(F, s). Then it follows from fl3.5l) that the /i and e occur in fl3.6l) and 
fl3.7p can be written as 


h( 7 , i) = b'xil) and 5 ( 7 , i) = 0(z) + <^( 7 ) 


for some 6 G F*, y G x(T), f G Aut Z and g) G Homz(T, Z). This entails us to rewrite fl3.6p 
and (13.7p respectively as follows: 


+ mV + yC, 

<^(U+.,i) = ac7(a + + mV, 


(3.9) 

(3.10) 

(3.11) 


where a G A, c G F*, G Ad(F) and yf i G 3^(F, s). Set 


r = (Tb) V \(^c) V V. 


(3.12) 


Then it follows from (13.911 — fl3.lip and the definitions of u, f, af, (p and a a that 


'T{La,i) — La,i + + t), 


'a,V 



11 















where G >l(r) and G 3^(r,s). 

Assume 

^(-^ 0 , 0 ) Lq q -\- y~^ {Oja^jI\da j "h bo^ jYoi^g j'jy (3.14) 

aerjez 

r(i;,i) = Ys,i + XI (3-15) 

I3er,kez 

for which only hnitely many of and for all a, (3 E T,i,j,k G Z are nonzero. 

Applying r to [Lo,o, X,*] = sX.i, we get 


Lo,o + 

E ( 

^OL^jO-^j H” 

V 

,j J- a+s j 

),E, 

+ E ^0,k^0,k 

*■ 

aerj'ez 




l3£T,k£Z -* 


+ E 

P^''0,k^l3,k ~ 

E 

CtbaJ 

^^Q.-\-2sJ+i 


/3er,fcez 

aerjez 



^^s,i 

+ 5 E 

c''0,kM0,k- 





^er.fcez 


Thus we conclude X/3er,fcez('^ “ = Z]Q:erjez“^a.i^a+ 2 sj+G which is equivalent to 

saying 

(y 

cl+ 2 s,j+i = V a G r, i, j G Z. 

Then fl3.15p can be written as 


r(y;,,) = n,, + x 


a 


aerjezo; + s 


^a,j ^a+2sj+i ■ 


(3.16) 


Let 


t' = exp ad 


E 


-ba,ibf3,j{f3 - a) 


a^/3er,a+^+2s^o,ijez2(Q( + s)(a + /3 + 2s) 


M, 


X exp 


adf X 




^O^aSFj'SZ ^ 


a+f3+2s,i+j 


ba,j 


Ma jjexpadp — X - —Ya+s,j) Glnnl^(r,s 

aerjez® + s 


Claim 3. ITe have = T{La,i) + Xjez^.i^aj, r'(X+s,i) = r(X+s,i) and T'{Ma,i) = 

Ma,i = 'r{Ma^i) for any a G T and i E Z, where eX G T for which only finitely many are 
nonzero for each fixed a. 

To prove the claim, it follows immediately from the construction of t' one can easily 
verify that 


r'(Lo,o) = r(Lo,o) - X«o,^o.T ^'(E,) = r(X,,), r'(M„,) = M„,,, V 

jGZ 


a 


ET,i eZ, (3.17) 
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where a[, j = aoj - Y.aeT,k&Kkb-a- 2 s,j-k- Applying r' to [Lo,o, = aLa,i for arbitrary 
a G r and i Eh, we obtain 


aT'{La,i) 


'T (Aqjo)) ^ 


"r(Aojo)) 'T' (Aq,^*) 


^(AqjO) ) A 7" (^Lci^i'j TiyLa^i^ 

= ar(L„,i) + r(Lo,o),r'(Lo,i) - r(L„,i) 


where in the second equality we use the fact that Mqj- for all j E h he in the center of 
W{T,s). Thus 

[r(Lo,o), r'(La,i) - r(L«,i)] = a(r'(L„,i) - r(L«,i)). (3.18) 

Note that [r'(Lc,,i), = ISMc^+p^i+j, which is due to the fact t' preserves each basis 

element Thus, T'{La^i) — La,i E Ad(r) © (y(r, s). This and fl3.13p allow us to assume 


that 


T 


'(L„,) - = E (eJiMft, + d^p'f+.j) 

0&v,j& 


(3.19) 


for some ef’j, G F with eo|o = ^^^1 dp o = 0- Inserting fl3.14l) and (13.191) into fl3.18p 

we have 


7/3 >i _ 


«( E + 

0&T,j& 


/JerjGZ 



+ E (n^jAf/3j + &/3jTa+sj), 

/JerjGZ 


E (eEM,, + dEn+.,7) 

7GrjGZ 


= E + (7 + s)dEE+*,i 

7 erjez ^ 


+ E (7 /3)^/3,fcd)(jiVf^_|_^_|_2sj+fc- 

/37^7Sr,7,fcGZ 


Comparing coefficients of h) 3 +sj gives (/3 + s)d^’j = ad^’j. Hence, d^’j = 0 for a,/9 G T and 
i,jEh since /3 + s — a ^ 0. While comparing coefficients of Mj^j, we have ef’] = 0 for a 7 ^ 
(5 ET ,i, j E Z. Consequently, fl3.19p can be simply written as 


r'(L„,i) = r(L„,i) + with = e";^. 

JGZ 


(3.20) 


This is the hrst relation as promised in Claim [3l 
It follows from (13.161) . (I3.17P and (I3.20p that 


r'(F„+,,0 = (s--)-V'[L„,o,n,] 


a. 


= (■s - 77 ) ^(^a,o) + Eei,oAfa,j,r(W,i) = /r(Ha+^,i), V 2s 7 ^ a G T. 


JGZ 
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Using this result and fl3.20p . we have 


r'(U3,,) = (-3 s)-V'[L4.,o,U_,,J 

= {-3s)~^ t{L4s,o) + 0^4:8,j,T{Y_s,i) =T{Y3s,i). 


So in either case we have proved the fact that T'(Ya+s,i) = 'r{Ya+s,i) for a G F, i G Z. Whence 
we have established Claim [3l 

In fact, Claim [3] implies r = G Inn W (F, s) ■ d', where -^e G Ant W (F, s) as dehned 

in fl3.8p . This together with fl3.12l) gives rise to 

a = aa^(T^(^nT''ip-^ G (A X Homz(T, Z) x (x(T) x F*) x Ant Z x F^) • Inn ^(F, s) ■ T. 

Since Inn#^(F, s) is a normal subgroup of Ant W(r,s), thus Inn#^(F, s)-\l/ = T-Inn y^(F, s). 
In order to hnish the whole proof, it remains to show the following is a simiproduct: 

(A X Homz(T, Z) x xi'T) x F* x Ant Z x F^) x T, 

which is equivalent to proving the following claim. 

Claim 4. For any (Tq G A, (p G Homz(T, Z), cr^ G x{T) x F*, 0 G Ant Z, r?, G F^, and 'ipe o-s 


defined in fl3.8p . we have 

{aa(p(J^4’Tb)~^llje{o-aF(^c4>n) ^ 

In fact, we are going to show 

{(TaW^finY^'lpJ^aaW^fiTb) = fid, 

where d = {d^)kez G ^ with d^ dehned by ^ for any a G F and z G Z. 

It follows from the dehnitions of aa, <Jc, fi, '^b and fie that we obtain 

{aa(pa^fiTb)~^fie{aa(pa^fiTb){La,i) = {aaypa^fiTb)~^fie{o-aWcfi){b" La,i) 

= ((TaV5O‘c0rfe)"Ve(o‘a<^O-?)(^*T„,0(i)) = (cra(paj0r6)" Ve(o-a‘^) 

= icTa(pa^fiTb)~^fifiaa){Fx{a)La,ct,{i)+^{a)) = (aa<^crJ0rfe)" Ve (&*x(«)aT «) 


= r/0 \a^) V 'K) +&*x(a)aEet%+“(„)fo^f,<AO-)+v^(a)) 






jez 

(t>{j)+ip(a) 


= A 0 i^c) + &*x(a)EeHj(i)+V(a)^«,Ai)) 

jez “ jez “ 


L„, + Y:c-V-iei%^Xl^M„,, = 

jez “ 
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While for Ma,i and Ya+s,i, we have 

((Ta(^a^0rb)"Ve(cra<^Cr?0T-fe)(M„,i) = 

{aa(pa^(|)Tb)~^^jJeiaa(pa^(|)Tb){Ya+s,i) = Ya+,^i = 'llJd{Ya+s,i)- 
Thus, {aa(pa^4>Tb)~^i>e{cra^cr'^4>Tb) = as desired. □ 


4 Second cohomology group of W (P, s) 


We start with some relevant notions. A bilinear form W (T, s) x W (T, s) ^ F is called a 
2-cocycle on W{r,s) if the following conditions are satisfied: 

^ix,y) = -ij{y,x), 

[y,z]) +'ilj{y, [z,x]) + 'iIj{z, [x,y]) =0, W x,y,z e W{T,s). 

Denote by (T, s), F) the vector space of 2-cocycles on W (T, s). For any linear function 

f ■. W{T,s) ^ F, one can dehne a 2-cocycle as follows: 

'ipf{x,y) = f{[x,y]), Wx,yeW(T,s). (4.1) 

Such a 2-cocycle is called a 2-coboundary on y^(r, s). Denote by B'^{W(T, s), F) the vector 
space of 2-coboundaries on W{T, s). The quotient space 

H\W{T,s), F) = C'2(yr(r,s), ¥)/B^{W{T,s), F) 

is called the second cohomology group of W (T, s). The 2-cocyles are closely related to central 
extensions of Lie algebras. To be more precise, there exists a one-to-one correspondence 
between the set of equivalence classes of one-dimensional central extensions of W (T, s) by F 
and the second cohomology group of W{T, s). 

Now let 0 be a 2-cocycle of W (T, s). Dehne an F-linear map / : y^(r, s) —)■ F as follows: 




^4>{Lo,o, L^^i) if 0 7^0, 

-A0(L2s,o,L_2s,i) if a = 0, 


(4.2) 




i0(Lo,o, if a 7^ 0, 

-A0(L25O,M_257) if a = 0, 


(4.3) 


f{Y^+sd) = 0(Lo,o, V a e T. (4.4) 

a -{- s 

Set (f = (f) — 'ifjf, where ipf is dehned in fl4.ip . Using the Jacobi identity on the triples 
and respectively get 

-^1^/3+7J+/c) [-^/3 J ; -^^7,^] ) 

(/3 ^ 'yip(^Li^j^ (4.5) 
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and 


("T -^l3+'y+2s,j+k) ^^+s,fc]) 

— (^([Lq,^,, Yy^s,k) + ^(^+sj) '^'y+s,k\'} 

a a 

(/3 + S —')ip(Ya+fi+s,i+ji ^+s,fc) + (7 “ 1 “ "S '^)^0^/3+s,jy ^+ 7 +s,i+fc) (4-6) 

for all a,/S ,7 G T and i,j,k G Z. Setting a = i = 0 and 7 = —(5 7 ^ 0 in fl4.5p . one has 
<y5(Lo,o, ^o,i) = 0 for any j G Z. This together with fl4.3p and (14.41) gives 

<yc(Lo,o, Ma,i) = ^{L 2 sfi, M_ 2 s,i) = ^{Lofi, Ya+s,i) = 0 for all a G r and i G Z. (4.7) 

For simplicity, denote 


V^(.hQ j, ilT^ j), Aoi i j <y9(Z/Q j, ii7_Q, j), 

Boi+s,l3+s,i,j 7 ^(ha+s,i) F/3_|_5 j), i j (^(y)j_|_s j, 

for all a, /9 G r and i,j G Z. 

We are next devoted to deriving that = 0 for any a,/? G F and i,j G Z. 

To do this, it first follows by setting 7 = —2a, (3 = a m. (14.5p that aA^^i^j^k = tt^aj 7 +fc- 
Hence, 

2^oi,i,j+k 4l(jj W a 0, i, j, k ^ Z. (4.8) 

Let a = —7 7 ^ 0, /3 = 0 in (14.51) and using (14.8p . one has 

Ao,j,i+k = 0, V i,j, k eZ. (4.9) 

Combining (14.81) and (14.9p . we have 

-^a,ij+k ■^a,j,i+ki V O G F,i, J, k G Z. (4.10) 

This shows for any given a G F, the value Aa,i,j only depends on the sum i + j. So we shortly 
write Aa^ij as Aa^i+j in what follows. 

Lemma 4.1. Aa,p,i,j = ^-§^i^< 5 a+/ 3 ,o^ 4 s 7 +i for all a,/? G F and i,j G Z. 

Proof. It follows from (14.7p and by setting « = -i = 0 in (14. 5 p that (/3 + 7 )(p(L^j, ATy *.) = 0, 
which gives = p{Li3,j^ M^^k) = 0 whenever /3 + 7 7 ^ 0. So next we only need to 

consider the case a + /5 + 7 = 0in (14. 5 p . 

Putting (3 = 2ps, 7 = — (a + 2ps) in (14. 5 p and using (I4.10p gives 

{a + 2ps)Aa,i = {a-2ps)Aa+2ps,i + {ci + ‘2ps)A2ps,i, VaGF,i,pGZ. (4.11) 
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Note that A 2 s,i = ^ 2 s,o,i = 0 for alH G Z by fl4.7p . So in the case p = 1 and a = 2qs (g G Z), 
fld.lip simply becomes (g + l)A 2 qs,i = (g — l)^ 2 (q+i)s,i, in particular from which we derive 
= —A 2 s,i = 0 for all i G Z. Thus, setting p = 1 in (14.lip gives 

{a + 2s)Aa^i = {a — 2 s)Aa+ 2 s,i, V a G r, i G Z. (4-12) 

Replacing a by a + 2s in above equation we get 

(a -\- ^s)Ao,+ 2 s,i = ®^a+ 4 s,n V a G r,i G Z. (4-13) 

While setting p = 2 in (14.lip we get another relation 

[oi + 4:s)Aa^i = (a — 4 :s)Aa^ 4 s^i + (a + 4 s)A 4 s^j, V cr G T, i G Z. (4.14) 

Now it follows from fl4.12p — fl4.14p and taking fl4.10p into account that Aa^i = for 

a G r, i G Z. This completes the proof. □ 

Lemma 4.2. Aa, 0 ,i,j = Bc,+s,/ 3 +s,i,j = 0, V a,/3 G T, i, j G Z. 

Proof. It follows from Lemma 14.11 and by setting a = fc = 0 in (14.61) that 

(/3 + 7 + 2s)R^+s^.^+s^jj = 0. 

Thus i?/ 3 +s,-y+s,ij = 0 if /9 + 7 + 2s 7 ^ 0. While setting 7 = —2s and a = —/3 in (14.6p . we 
obtain 

(2s + l3)A-ii^iJ^jj^k = —{s + -^)Bs^i+j,k + ('S ~ ^)Bji-\-s,j,i+k, V /3 G r, i, j, /c G Z. (4.15) 

In particular, setting /5 = 2s in above equation gives 

Bs,i,j A— 2 s,i+j ^ 4 s,i+p (4.16) 

where the latter equality follows from Lemma 14.11 Now it follows from Lemma 14.11 fl4.15p 
and fl4.16p that 

^ _ 4s^ + 6/3s + ^ /A 

B/S+sJji+k 4^2 ^ 4 s,i+j+A: fo^ P 7^ 2s. (4.17) 

For the case (3 = 2s, setting a = 4s, /9 = —2s and 7 = —4s in fl4.6p and by (14.17p . one has 

B‘is,i+j,k V i^j^k G Z. (4.18) 

In particular, setting /3 = 4s and (3 = — 6 s in (14.171) . we respectively get 

B^sjji+k 11 ^ 4 s,i+j+A: and B—^g jiJ^}^ ^ 44 ^ V i,j,k G Z. (4.19) 

Note that <p(F 5 s,i, YLs^j) = -<p(y_ 5 sj, Ws^)- Hence, Hssp.j = -B- 5 s,j,i for any i,j G Z, 
which together with (I4.19P gives rise to ^ 4 ^ ^ = 0 for all I G Z. This in turn forces for any 
Q!,/3 G T and i,j G Z, = 0 by Lemma ITT] and = 0 by (14.171) and (I4.18p . 

completing the proof. □ 
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Lemma 4.3. M 0 j) = ip(La,i,Yfs+s,j) = (p{Mo,,i,Y 0 +s,j) = 0, W a,/3 eT,i,j e Z. 

Proof. It follows from applying the Jacobi identity to the triple {Lofi, Ma,i, Mgj) and using 
([h3l) that V3([Zo,o, [Lo,o, = 0, which gives 

Mpj) = 0 a a+ f3^0. (4.20) 

On the other hand, from the Jacobi identity on the triple {L_a-2s,o, Ma,i^ ^2s,j) we get 
p{\L—a—2s,0i J“ \L—ci—2sfli ^2s,j\) 0, i.e., 

2 sip{Ma^i, M_aj) = -a(p{M_2s,i,M2s,j), V a G r,i,j e Z. 

While it follows from the Jacobi identity on the triple (hZss^O) Y^^i, M2sj) that 

Asip{M_ 2 s,i, M 2 s,j) = 0, y ij e Z. 

Hence, M_aj) = 0 for a G T,i,j G Z. Combining this with 04.201) gives 

Mfij) = 0, V a, /3 G r, i, j G Z, 

as desired. 

Applying the Jacobi identity on the triple (Lo,o, we get 

Q/ 

(/3 + S — )(p(ZojO) hQ,+/3+s,i+j) p(^Lq q, 

[-^0,0) Y L(y ifY|^_^_g jj 

(/3 Y s)(p(Zq, j, Yg_|_5j) Y crv?(ZQ, j, Yg_|_sj) 

= {a + (3 + s)(p{La^i,Yi3^sj). 

This together with (/?(Zo,o, Ya+s,i) = 0 for all a G T and z G Z (cf. 04.71) ) forces 

p{La,i, Yi3+s,j) = 0, V a, /3 G r, z, j e Z, 

since 0 ^ a + (3 + s for all a,/3 G T. Similarly, from the Jacobi identity on the triple 
(Zo,o, Ma,i, we have {a + /3 + s)ip{Ma,i, Y^+^j) = 0 and therefore Y^+^j) = 0 

for all a,/? G r and z,j G Z. The proof of this lemma is complete. □ 

It follows from [23l Theorem 4.3] and Lemmas I4.1H4.3I that we get another main result 
of the present paper. 

Theorem 4.4. The second cohomology group 

H\W{T,s), F) = 

keZ 


18 









is the direct product of all F0fc, k E Z, where fk is the cohomology class of <pk defined by 


Oi — o. 

{all other components vanish). 

Consider the central extension W{T,s) = W{T,s) © (C ©F[t, whose Lie brackets 
are given as in Section 1 except the hrst relation in fll.ip is replaced by 

o. — o. 

\La,i^ ~ (/5 Ol)La+0,i+j + da+y,0 ^i+j^ 


and in addition, 

[>^(r,s),Cfc] = 0 for all a,/5 G L and i,j,k G Z, (4-21) 

where Ck = C ® t^. Theorem 14.41 implies that W{r, s) is the nniversal central extension of 
W{T,s). 
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